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Abstract. While there is no lack of efficient Krylov subspace solvers for Hermitian systems,
there are few for complex symmetric, skew symmetric, or skew Hermitian systems, which are increas-
ingly important in modern applications including quantum dynamics, electromagnetics, and power
systems. For a large consistent complex symmetric system, one may apply a non-Hermitian Krylov
subspace method disregarding the symmetry of A, or a Hermitian Krylov solver on the equivalent
normal equation or an augmented system twice the original dimension. These have the disadvan-
tages of increasing either memory, conditioning, or computational costs. An exception is a special
version of QMR by Freund (1992), but that may be affected by non-benign breakdowns unless look-
ahead is implemented; furthermore, it is designed for only consistent and nonsingular problems. For
skew symmetric systems, Greif and Varah (2009) adapted CG for nonsingular skew symmetric linear
systems that are necessarily and restrictively of even order.

We extend the symmetric and Hermitian algorithms MINRES and MINRES-QLP by Choi, Paige
and Saunders (2011) to complex symmetric, skew symmetric, and skew Hermitian systems. In
particular, MINRES-QLP uses a rank-revealing QLP decomposition of the tridiagonal matrix from a
three-term recurrent complex-symmetric Lanczos process. Whether the systems are real or complex,
singular or invertible, compatible or inconsistent, MINRES-QLP computes the unique minimum-
length, i.e., pseudoinverse, solutions. It is a significant extension of MINRES by Paige and Saunders
(1975) with enhanced stability and capability.
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1. Introduction. Krylovsubspace methods are generally divided into two classes:
Those for Hermitian matrices (e.g. CG [27], MINRES [38], SYMMLQ [38], MINRES-
QLP [8, 9, 11, 7]) and those for general matrices without such symmetries (e.g.
BiCG [15], GMRES [41], QMR [19], BiCGstab [52], LSQR [39, 40]). Such a division
is largely due to historical reasons in numerical linear algebra—the most prevalent
structure for matrices arising from practical applications is that of being Hermitian
(which reduces to symmetric for real matrices). However other types of symmetry
structures, notably complex symmetric, skew-symmetric, and skew-Hermitian ma-
trices, are becoming increasingly common in modern applications. Currently, aside
possibly for storage and matrix-vector products, these are treated like any general
matrices with no symmetry structures. The algorithms in this article go substantially
further in developing specialized Krylov subspace algorithms designed at the outset to
exploit these symmetry structures. In addition, our algorithms constructively reveal
the (numerical) compatibility and singularity of a given linear system—users do not
have to know these properties a priori.
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We are concerned with iterative methods for solving a large linear system Ax = b
or the more general minimum-length least-squares (LS) problem

min ||zl s.t. z € arg min |4z — b||2, (1.1)
zeCn
where A € C"*" is complex symmetric (4 = AT) or skew Hermitian (4 = —A*), and

possibly singular; and b € C™. Our results are directly applicable to problems with
symmetric or skew symmetric matrices A = AT € R"*" and real vectors b. A may
exist only as an operator for returning the product Azx.

The solution of (1.1), called the minimum-length or pseudoinverse solution [21],
is formally given by z7 = (A*A)TA*b, where AT denotes the pseudoinverse of A.
The pseudoinverse is continuous under perturbations E for which rank (A + F) =
rank (A) [46], and z is continuous under the same condition. Problem (1.1) is then
well-posed [24].

Let A = USUT be a Takagi decomposition [29], a singular-value decomposition
(SVD) specialized for a complex symmetric matrix, with U unitary (U*U = I) and
¥ = diag([o1,-»0n]) real non-negative and o1 > o3 > --- > o, > 0, where r is
the rank of A. We define the condition number of A to be k(A) = oF, and we say
that A is ill-conditioned if x(A) > 1. Hence a mathematically nonsingular matrix
(e.g., A = [} 9], where ¢ is the machine precision) could be regarded as numerically
singular. Also, a singular matrix could be well-conditioned or ill-conditioned. For a
skew Hermitian matrix, we use its (full) eigenvalue decomposition A = VAV*, where
A is a diagonal matrix of imaginary numbers (possibly zeros; in conjugate pairs if A
is real, i.e., skew symmetric) and V is unitary!. We define its condition number as

Kk(A) = %, the ratio of the largest and smallest nonzero eigenvalues in magnitude.

ExamMpLE 1.1. We contrast the five classes of symmetric or Hermitian matrices
by their definitions and small instances of order n = 2:

(1 5
R™" 5 A=AT= } is symmetric.

5 1
nxn * [ 1 1-2¢ | g : .
C SA=A"= 142 { is Hermitian (with real diagonal).
Cns A= AT = 12;’_212' 1 _z 21] is complex symmetric (with complex diagonal).
R™" 3 A=-AT= [_05 0] is skew symmetric (with zero diagonal).
C SA=-A"= 19 0 is skew Hermitian (with zero diagonal).

CG, SYMMLQ, and MINRES are designed for solving nonsingular symmetric sys-
tems Az = b. CG is efficient on symmetric positive definite systems. For indefinite
problems, SYMMLQ and MINRES are reliable even if A is ill-conditioned.

Choi [7] appeared to be the first work that comparatively analyzed the algorithms
on singular symmetric and Hermitian problems. On (singular) incompatible problems

1Skew Hermitian (symmetric) matrices are, like Hermitian matrices, unitarily diagonalizable (i.e.,
normal [51, Theorem 24.8]).
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CG and SYMMLQ iterates xj diverge to some nullvectors of A [7, Propositions 2.7,
2.8, and 2.15; Lemma 2.17]. MINRES often seems more desirable to users because its
residual norms are monotonically decreasing. On singular compatible systems, MIN-
RES returns z' [7, Theorem 2.25]. On singular incompatible systems, MINRES re-
mains reliable if it is terminated with a suitable stopping rule that monitors || Arg|| [8,
Lemma 3.3], but the solution is generally not z' [8, Theorem 3.2]. MINRES-QLP
[8,9, 11, 7] is a significant extension of MINRES, capable of computing 2, simultane-
ously minimizing residual and solution norms. The additional cost of MINRES-QLP is
moderate relative to MINRES: 1 vector in memory, 4 axpy (y < az+7y), and 3 vector
scaling (x < ax) per iteration. The efficiency of MINRES is partially, and in some
cases almost fully, retained in MINRES-QLP by transferring from a MINRES phase to a
MINRES-QLP phase only when an estimated x(A) exceeds a user-specified value. The
MINRES phase is optional, consisting of only MINRES iterations for nonsingular and
well-conditioned subproblems. The MINRES-QLP phase handles less well-conditioned
and possibly numerically singular subproblems. In all iterations, MINRES-QLP uses
QR factors of the tridiagonal matrix from a Lanczos process and then applies a second
QR decomposition on the conjugate transpose of the upper-triangular factor to obtain
and reveal the rank of a lower-tridiagonal form. On nonsingular systems, MINRES-
QLP enhances the accuracy (with less rounding errors) and stability of MINRES. It is
applicable to symmetric and Hermitian problems with no traditional restrictions such
as nonsingularity and definiteness of A or compatibility of b.

The aforementioned established Hermitian methods are not directly applicable
to complex or skew symmetric equations. For consistent complex symmetric prob-
lems, which could arise in Helmholtz equations, linear systems that involve Hankel
matrices, or applications in quantum dynamics, electromagnetics, and power systems,
we may apply a non-Hermitian Krylov subspace method disregarding the symmetry
of A, or a Hermitian Krylov solver (such as CG, SYMMLQ, MINRES, or MINRES-
QLP) on the equivalent normal equation or an augmented system twice the original
dimension. They suffer increasing memory, conditioning, or computational costs. An
exception? is a special version of QMR by Freund (1992) [18], which takes advantage
of the matrix symmetry by using an unsymmetric Lanczos framework. Unfortunately,
it is known that the algorithm may be affected by non-benign breakdowns unless a
look-ahead strategy is implemented. Another less than elegant feature of QMR is the
vector norm of choice is induced by the inner product 2y but it is not a proper vector
norm (e.g., 0 # z7:= [14], where i = v/—1, yet 272 = 0). Besides, QMR is designed
for only nonsingular and consistent problems. Inconsistent complex symmetric prob-
lems (1.1) could arise from shifted problems in inverse or Rayleigh quotient iterations;
mathematically or numerically singular or inconsistent systems, in which A or b are
vulnerable to errors due to measurement, discretization, truncation, or round-off. In
fact, QMR and most non-Hermitian Krylov solvers (other than LSQR) fail to converge
to ' on an example as simple as A =i diag([§]) and b = i[]], for which 2T = [}].

Here we extend the symmetric and Hermitian algorithms MINRES and MINRES-
QLP to complex symmetric systems. The main aim is to deal reliably with compatible
or incompatible systems and to return the unique solution of (1.1). Like QMR and
the Hermitian Krylov solvers, it exploits the matrix symmetry.

Noting the similarities in the definitions of skew symmetric matrices (4 = —AT €
R™*™ ) and complex symmetric matrices and motivated by algebraic Riccati equa-

21t is noteworthy that among direct methods for large sparse systems, MA57 and ME57 [14] are
available for real and complex symmetric problems.
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tions [32] and more recent, novel applications of Hodge theory in data-mining [33, 20],
we evolve MINRES-QLP furthermore for solving skew symmetric linear systems. Greif
and Varah [22] adapted CG for nonsingular skew symmetric linear systems that are
skew-A conjugate, meaning —A? is symmetric positive definite. The algorithm is
further restricted to A of even-order since a skew symmetric matrix of odd order is
singular. Our MINRES-QLP extension has no such limitations and are applicable to
singular problems. For skew Hermitian problems with skew Hermitian matrices or
operators (A = —A* € C"*™), our approach is to transform them into Hermitian sys-
tems so that they could immediately take advantage of the original Hermitian version
of MINRES-QLP.

1.1. Notation. For an incompatible system, Ax =~ b is shorthand for the LS
problem (1.1). We use “~” to mean “approximately equal to”. The letters i, 7,
k in subscripts or superscripts denote integer indices, otherwise they may represent
v—1; c and s cosine and sine of some angle 6; e the kth unit vector; e a vector
of all ones; and other lower-case letters such as b, u, and x (possibly with integer
subscripts) denote column vectors. Upper-case letters A, Ty, Vi, ... denote matrices,
and I is the identity matrix of order k. Lower-case Greek letters denote scalars; in
particular, € ~ 107!6 denotes the floating-point double precision. If a quantity & is
modified one or more times, we denote its values by dy, 5,&2), ... We use diag(v) to
denote a diagonal matrix with elements of a vector v on the diagonal. The transpose,
conjugate, and conjugate transpose of a matrix A is denoted as AT, A, and A* = a’
respectively. The symbol || - || denotes the 2-norm of a vector (||z|| = va*z) or a

matrix (|]A|| = o1 from A’s SVD).

1.2. Overview. In Section 2 we briefly review the Lanczos processes and QLP
decomposition before developing the algorithms in Sections 3-5. Preconditioned algo-
rithms are described in Section 6. Numerical experiments are described in Section 7.
We conclude with future work and related software in the last section, Section 8. Our
pseudocode and a summary of norm estimates and stopping conditions are given in
Appendices A and B.

2. Review. In the following few subsections, we summarize algebraic methods
necessary for our algorithmic development.

2.1. Lanczos processes. Given a complex symmetric operator A and a vector
b, a Lanczos-like® process [2, 23], which we name as the Saunders process, computes
vectors vy and tridiagonal matrices T}, according to vo = 0, fiv1 = b, and then?

pr = AUy, Qp = V. Pk, Br+1Vk+1 = Dk — QUK — BrpUk—1 (2.1)
for k =1,2,...,¢, where we choose 8 > 0 to give ||vg|| = 1. In matrix form,
a1 B2
AT B2 a2 T, [ }
Vie=Viqr 1Ty, Ti= . E[ ], Vi=lvg -+ wi]. (2.2
e Sk ' Br Brtref, ' 22
Br g
Br+1

3We distinguish our process from the complex symmetric Lanczos process [36] as used in
QMR [18].
4Numerically, pr, = AT — Brvk_1, O = VEDE, Br+1Vk+1 = Pk — Uy is slightly better [37].
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In exact arithmetic, the columns of Vj; are orthogonal and the process stops with
k = ¢ and fyy1 = 0 for some £ < n, and then AV, = V,T;. For derivation purposes we
assume that this happens, though in practice it is rare unless V}, is reorthogonalized
for each k. In any case, (2.2) holds to machine precision and the computed vectors
satisfy ||[Vi|1 = 1 (even if k > n).

If instead we are given a skew symmetric A, the following is a Lanczos process [22,
Algorithm 1]° that transforms A to a series of expanding, skew symmetric tridiagonal
matrices Ty and generates a set of orthogonal vectors in Vj, in exact arithmetic:

pr = Avg, —Br+1Vk+1 = Pk — BrVk—1- (2.3)

Its associated matrix form is

0 B2
—B2 0 . T
AV =Vii1 Ty, Th= o = k ] 2.4
A ER Br {5k+1€f (24)
—Bk 0
—Brt+1

If the skew symmetric process were to be forced on a skew Hermitian matrix, the
resultant Vi, would not be orthogonal. Instead, we multiply Az =~ b by i on both sides
to yield a Hermitian problem since (iA)* = iA* = iA. This simple transformation
by a scalar multiplication® preserves the condition for x(A) = k(iA) and allows us to
adapt the original Hermitian Lanczos process with vg = 0, Syv; = ib, followed by

pr. = iAvy, Qg = U Pk, Br+1Vk+1 = Pk — Qg% — Bruk—1. (2.5)
Its matrix form is the same as (2.2) except that the first equation is iAVy = Vi1 Ty

2.2. Properties of the Lanczos processes. The following properties of the

Lanczos processes are notable:

1. If A and b real, then the Saunders process (2.1) reduces to the symmetric

Lanczos process.

2. The complex and skew symmetric properties of A carry over to Ty by the
Lanczos processes (2.1) and (2.3) respectively. From the skew Hermitian
process (2.5), T}, is symmetric.

The skew-symmetric Lanczos process (2.3) is only two-term recurrent.

4. In (2.5), there are two ways to form py: pr = (i4)vy, or pr, = A(ivg). One may
be cheaper than the other. If A is dense, i A takes O(n?) scalar multiplications
and storage. If A is sparse or structured as in the case of Toeplitz, iA just
takes O(n) multiplications. In contrast, vy takes nf multiplications, where ¢
is theoretically bounded by the number of distinct nonzero eigenvalues of A,
but in practice £ could be an integer multiple of n.

5. While the skew Hermitian Lanczos process (2.5) is applicable to a skew sym-
metric problem, it involves complex arithmetic and is thus computationally
more costly than the skew symmetric Lanczos process with a real b.

6. If A is changed to A — ol for some scalar shift o, T} becomes T — ol and
Vi is unaltered, showing that singular systems are commonplace. Shifted

w

5 Another Lanczos process for skew symmetric A uses a different measure to normalize Br+1 was
developed in [53, 50].
SMultiplying by —i works equally well but without loss of generality, we use 3.
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problems appear in inverse iteration or Rayleigh quotient iteration. The
Lanczos frameworks easily and efficiently handles shifted problems.

7. Shifted skew symmetric matrices are not skew symmetric. This notion also
applies to the case of shifted skew Hermitian matrices. Nevertheless they
arise often in Toeplitz problems [3, 4].

8. For the skew Lanczos processes, the kth Krylov subspace generated by A
and b is defined to be Ki(A,b) = range(Vy) = span{b, Ab,..., A*~1b}. For
the Saunders process, we have a modified Krylov subspace [43] that we call
the Saunders subspace, Ky, (AA,b) @ Ki,(AA, Ab), where ki + ko = k and
0<k —ky <1.

9. T}, has full column rank k for all k& < £ since 31,..., Bry1 > 0.

THEOREM 2.1. Ty is nonsingular if and only if b € range(A). Furthermore,
rank(Ty) = £ — 1 in the case b ¢ range(A).

Proof. We prove below for A complex symmetric. The proofs are similar for the
skew symmetric and skew Hermitian cases.

We use AV, = VT, twice. First, if Ty is nonsingular, we can solve Tpy, =
Bre1 and then AV y, = ViTpye = ViBrer = b. Conversely, if b € range(A), then
range(V ) C range(A) = range(A*). Suppose Ty is singular. Then there exists z # 0
such that Tyz = 0 and thus VyTpz = AVz = 0. That is, 0 # V2 € null(A). But this
is impossible because Vyz € range(A*) and null(A) Nrange(A*) = {0}. Thus T, must
be nonsingular.

If b ¢ range(A), Ty = [Tg,l BZZ@*} is singular. It follows that £ > rank(Ty) >
rank(Ty_) = £ — 1 since rank(T},) = k for all k < £. Therefore rank(T;) =¢—1. 0

2.3. QLP decompositions for singular matrices. Here we generalize, from
real to complex, the matrix decomposition pivoted QLP by Stewart in 1999 [49]7. It
is equivalent to two consecutive QR factorizations with column interchanges, first on
A, then on R*:

R S R* 0 R 0
QRAHRZ{O 0]7 QL{S* O}HL:{O 0} (2.6)

giving nonnegative diagonal elements, where IIr and I, are (real) permutations cho-
sen to maximize the next diagonal element of R and R at each stage. This gives

R* 0

:|a P = QLH£7

with @ and P orthonormal. Stewart demonstrated that the diagonal elements of L
(the L-values) give better singular-value estimates than those of R (the R-values),
and the accuracy is particularly good for the extreme singular values o; and oy,:

R“‘ ~ 0y, Lii ~ 0y, g1 > maXL“ > maXR“-, mjnRii > HllIlL“ > On. (27)
i i i i

The first permutation IIz in pivoted QLP is important. The main purpose of the
second permutation Iy, is to ensure that the L-values present themselves in decreasing
order, which is not always necessary. If [Ig = II;, = I, it is simply called the QLP
decomposition, which is applied to each T} from the Lanczos processes (Section 2.1)
in MINRES-QLP.

7"QLP is a special case of the ULV decomposition, also by Stewart [48, 31].
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2.4. Householder Reflectors. Givens rotations are often used to selectively
annihilate matrix elements. Householder reflectors [51] of the following form may be
considered the Hermitian counterpart of Givens rotations:

rn ... 0 --- 0 -+ 0T
0 c - s 0

Qij= : ;
0 s —c 0
LO 0 . 0 1]

where the subscripts indicate the positions of ¢ = cos(f) € R and s = sin(d) € C for
some angle #. They are orthogonal and Q% ; = I as would any reflector, meaning @ ;

is its own inverse. Thus ¢ + |s|?> = 1. We often use the shorthand Qi = [C S}.

s —c

In the next few sections we extend MINRES and MINRES-QLP to solving complex
symmetric problems (1.1). Thus we tag the algorithms with “CS-". The discussion
and results can be easily adapted to the skew symmetric and skew Hermitian cases
and so we do not go into details. In fact, the skew Hermitian problems can be solved
by the implementations [10, 12] of MINRES and MINRES-QLP for Hermitian problems.
For example, we can call the MATLAB solvers by x = minres(i * A, i * b) and x
= minresqlp(i * A, i * b) achieving code reuse immediately.

3. CS-MINRES standalone. CS-MINRES is a natural way of using the complex
symmetric Lanczos process (2.1) to solve (1.1). For k < ¢, if z, = Vi, y;, for some vector
Yk, the associated residual is

e =b— Az, = b— AViyr = B1v1 — Vi1 Dok = Vierr (Brer — Tiyk)- (3.1)

To make 71, small, it is clear that $1e; — Tkys should be small. At this iteration k,
CS-MINRES minimizes the residual subject to x) € range(V},) by choosing

yr = arg min ||Txy — Bre1]]. (3.2)
yeCk

By Theorem 2.1, T} has full column rank and the above is a nonsingular problem.

3.1. QR factorization of T;. We apply an expanding QR factorization to the
subproblem (3.2) by Q¢ = 1 and

Ry t
(U

Ck Sk

Qk,k+1=|: }, QkZQk,k+1[Qk_l J, Qr[Tn 5161]2{

Sk —Ck

}, (3.3)

where ¢, and sj form the Householder reflector Q) r+1 that annihilates Sy in T}
to give upper-tridiagonal Ry, with Ry and t; being unaltered in later iterations. We
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can express the last expression in (3.3) in terms of its elements for further analysis:

m b2 e T c1
752) 552) . T2 S1€2
R RS t E :
bl = : CCk | M= =5 (3.4)
0 . @ Pk : :
616
A3 Tk 51 Sk—1Ck
I 0 | | P | |51 Sk—15k |

(where the superscripts are defined in Section 1.1). With ¢ = 8; > 0, the full action
of Qk k+1 in (3.3), including its effect on later columns of T}, k < ¢ < ¢, is described by

|:Ck Sk]|:7k oky1 O ' st—l}_ 7,22) 5,(321 €kt ’ Tk (3.5)
Br+1 kg1 Brao 0 0 Yet1 Owyo o)

Sk —Ck

Thus for each j < k < £ we have sj'y](.z) = Bj41 > 0, giving 71, ,yj(_Z) = 0, and therefore
each R; is nonsingular. Also, 7, = ¢r_1¢; and ¢ = ¢_15; # 0. Hence from (3.1)-
(3.3), we yield the following short recurrence relation for the residual norm:

Ikl = 1Teyx — Breall = 1okl = llrall = lre—alllSel = llrr—llskl], (3.6)
which is monotonically decreasing and tending to zero if Ax = b is compatible.

3.2. Solving the subproblem. When k < ¢, a solution of (3.2) satisfies Ryyx =
tx. Instead of solving for y, CS-MINRES solves R} D{ = V;* by forward substitution,
obtaining the last column dj of Dy at iteration k. This basis generation process can
be summarized as

{ dy =T1/m, dy = (T2 — b2dy) /75" (3.7)
dp = (U, — 6,?)dk_1 - €kdk—2)/%(f)- .
At the same time, CS-MINRES updates x; via zg = 0 and

zy = Viyp = DeRiyr = Dyt = T—1 + Trdy. (3-8)

3.3. Termination. When k£ = ¢, we can form T, but nothing else expands. In
place of (3.1) and (3.3) we have ry, = Vy(81e1 — Typye) and Qp—1 [Tg ﬁlel] = [Rg t[].
It is natural to solve for y, in the subproblem

min | Tyye — Bre1]] =  min ||Reye — tol|- (3.9)
ye€C* ye€Ct
There are two cases to consider:

1. If Ty is nonsingular, Ry, = t, has a unique solution. Since AV,y, = V;Tpy, =
b, the problem Az = b is compatible and solved by z, = V,y, with residual
r¢ = 0. Theorem 3.1 below proves that x, = ', assuring us that CS-MINRES
is a useful solver for compatible linear systems even if A is singular.

2. If Ty is singular, A and R, are singular (Ry; = 0) and both Az = b and Ry, =
ty are incompatible. The optimal residual vector is unique, but infinitely many
solutions give that residual. CS-MINRES sets the last element of y, to be zero.
The final point and residual stay as xy—1 and r—1 with ||re—1]| = |¢e—1] =
B1ls1] -+ |se—1] > 0. Theorem 3.2 below proves that z,—; is a LS solution of
Az ~ b (but not necessarily z1).
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THEOREM 3.1. Ifb € range(A), the final CS-MINRES point x; = ' and r; = 0.

Proof. If b € range(A), the Lanczos process gives AV, = V,T, with nonsingular
Ty, and CS-MINRES terminates with Az, = b and x, = Vey, = A*q = Agq, where
q= VgT[lyg. If some other point Z satisfies AT = b, let p = Z — 2y. We have Ap =0
and zjp = ¢*Ap = 0. Hence ||Z[|* = [z + pl* = llzel® + 2z7p + lIpl|* > [lze|*.
By (3.6), 7, =0.0

THEOREM 3.2. If b ¢ range(A), then ||Are_1|| = 0 and the CS-MINRES x¢_1 is
an LS solution.

Proof. Since b ¢ range(A), Ty is singular and Ry = 70 = 0. By Lemma B.2,
A*(Axg_q —b) = —Ary_1 = —|re—1||eve = 0. Thus z4_; is an LS solution. O

4. CS-MINRES-QLP standalone. In this section we develop CS-MINRES-QLP
for solving ill-conditioned or singular symmetric systems. The Lanczos framework
is the same as in CS-MINRES and QR factorization is applied to T} in subprob-
lem (3.2) for all k£ < ¢; see Section 3.1. By Theorem 2.1 and Property 9 in Section 2.2,
rank(7Ty) = k for all £ < £ and rank(Ty) > ¢ — 1. CS-MINRES-QLP handles T} in (3.9)
with extra care to constructively reveal rank(7;) via a QLP decomposition, so it can
compute the minimum-length solution of the following subproblem instead of (3.9):

min ||yell2  s.t. ye € arg min ||Tyye — Breq . (4.1)
ye€Ct

Thus CS-MINRES-QLP also applies the QLP decomposition on T, in (3.2) for all £ < £.

4.1. QLP factorization of T}. In CS-MINRES-QLP, the QR factorization (3.3)
of T}, is followed by an LQ factorization of Ry:

Ry,

. (4.2)

sz[ } RyPy =Ly, sothat Qkasz[L’“],

0
where Qi and Py, are orthogonal, Ry, is upper tridiagonal, and Ly is lower tridiagonal.
When k < ¢, both Ry and L; are nonsingular. The QLP decomposition of each T}
are performed without permutations, and the left and right reflectors interleaved [49]
in order to ensure inexpensive updating of the factors as k increases. The desired
rank-revealing properties (2.7) are retained in the last iteration when k = /.

We elaborate on interleaved QLP here. As in CS-MINRES, @y, in (4.2) is a product
of Householder reflectors, see (3.3) and (3.5), while Py involves a product of pairs of
Householder reflectors:

Qr = Qrr+1 - Q34 Q23 Q12, P,=Py P3Pz ---

For CS-MINRES-QLP to be efficient, in the kth iteration (k > 3) the application of
the left reflector Q x+1 is followed immediately by the right reflectors Py_s i, Pe—1.%,
so that only the last 3 x 3 bottom right submatrix of T}, is changed. These ideas
can be understood more easily from the following compact form, which represents the
actions of right reflectors on Ry, obtained from (3.5):

P21 Pr_1k.

[ (5)

V-2 €k Ck2 Sk2
Ug—1 %@1 5,(62) 1 Ck3  Sk3
i 7122)_ Sk2 —Cp2] S5k3 —Ck3
7,(661)2 [1 i 7,2‘1)2
= 79227)1 7}247)1 6123) Ck3  Sk3 791(9221 7}@1 (4.3)
L 7 WL Sks —crs) o Yk
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4.2. Solving the subproblem. With y, = Pyug, subproblem (3.2) after QLP
factorization of T}, becomes
o] o
0 Pk

where ¢, and ¢y, are as in (3.3). At the start of iteration k, the first k—3 elements of
uy, denoted by p; for j < k—3, are known from previous iterations. We need to solve
only the last three components of u; from the bottom three equations of Lyuy = t:

U = arg min

4.4
ueCk ’ ( )

(3)

6 3 2 4
’7]%2_;2 5) ﬂézg TéJQ Tk—2 — nk—?,ul(€7)4 - 19]6—2#]{;73
2 _ 2 — 3
191@71 Y21 A /Li;_)l - TIE—)l = Te—1 — NMk—1Mp__3 : (45)
M Vg 7;(6 L Tk Tk

When £k < £, Tj, has full column rank, and so do L; and the above 3 x 3 triangular
matrix. CS-MINRES-QLP obtains the same solution as CS-MINRES, but by a different
process (and with different rounding errors). The CS-MINRES-QLP estimate of x is
2 = Viyr = Vi Pyuyr = Wiuyg, with theoretically orthonormal Wy, = V;, P, where

Wi = [Vie1Peo1 k) Pe—2kPr-1k (4.6)
:[ng?g w?, w ﬁk}PkukPkfl,k
_ 4 4 3 2
= W wl, w® ).

Lastly, we update x;_o and compute zj by short-recurrence orthogonal steps (using
only the last three columns of W):
2 2 4) (3 2 4) (3
x222 = xélS + w,(cj2u,(€22, where :c,(cf)?) = W,gjgu,(cj3, (4.7
2 3) (2 2
T = xé_)Q + w,(c_)lugc_)l + w,i )Mk- (4.8)
4.3. Termination. When k = ¢ and y; = Ppuy, the final subproblem (4.1)
becomes

min ||ugll2  s.t. ug € arg min || Leug — tol|. (4.9)
ugE(CE

Qe 041 is neither formed nor applied (see (3.3) and (3.5)), and the QR factorization
stops. To obtain the minimum-length solution, we still need to apply Pr—2 ¢FPy—1 ¢ on
the right of Ry and V, in (4.3) and (4.6) respectively. If b € range(A), then L, is
nonsingular and the process in the previous subsection applies. If b & range(A), the

last row and column of L, are zero, i.e., Ly = [L%* o] (see (4.2)), and we need to

define ug = [*;" ] and solve only the last two equations of Ly_qus—1 = t;_1:
6 3 2
-]
D2y v | [ Te—1
The recurrence relation (4.8) simplifies to z, = mf_)z + wﬁ)l,uf_)l. The following

theorem proves that CS-MINRES-QLP yields 2 in this last iteration.
THEOREM 4.1. In CS-MINRES-QLP, z; = z'.
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Proof. When b € range(A), the proof is the same as that for Theorem 3.1.
When b ¢ range(A), for all u = [ul | u,]7 € C* that solves (4.4), CS-MINRES-
QLP returns the minimum-length LS solution u, = [ul | 0]7 by the construction
in (4.10). For any = € range(W;) = range(V¢) C range(A) = range(A*) by (4.6) and
AV =Vily,
| Az = bl| = [ AW,u = bl| = ||AVePou = bl| = |ViTePou — BrVeer || = [|TePou — Bren|
_ || [Le-1 O " to—1
0 0 be

= HQe—szPeu - {te_l}

be
Since Ly_1 is nonsingular, |¢y] = min| Az — b|| can be achieved by z, = Wyuy =
Wi—iug—1 and ||z¢|| = [|[We—1uwe—1| = ||ue—1||. Thus z, is the minimum-length LS

solution of ||Az — ||, i.e., xy = argmin{||z|| | A* Az = A*b, x € range(A*)}. Likewise
ye = Pypuy is the minimum-length LS solution of | T,y — Bie1| and so y, € range(T}),
ie. yo =Tz = Tyz for some z. Thus z; = Veye = Vilyz = AVyz = A*Vez €
range(A*). We know that 27 = argmin{||z|| | A*Azx = A*b, € C"} is unique and
xf € range(A*). Since x, € range(A*), we must have 2, = 7. O

5. Transferring CS-MINRES to CS-MINRES-QLP. CS-MINRES and CS-
MINRES-QLP behave very similarly on well-conditioned systems. However, compared
to CS-MINRES, CS-MINRES-QLP requires one more vector of storage, and each iter-
ation needs 4 more axpy (y < ax +y) and 3 more vector scaling (z + ax). It would
be a desirable feature to invoke CS-MINRES-QLP from CS-MINRES only if A is ill-
conditioned or singular. The key idea is to transfer CS-MINRES to CS-MINRES-QLP
at an iteration k& < £ when T} has full column rank and is still well-conditioned. At
such an iteration, the CS-MINRES point xjk” and CS-MINRES-QLP point z; are the
same, so from (3.8), (4.8), and (4.4): =M = z} <= Dyt = Wi L; 'tx. From (3.7),
(4.2), and (4.6),

DiLy, = (ViR ') (R Py) = VP = Wi (5.1)

The vertical arrow in Figure 5.1 represents this process. In particular, we can transfer
only the last three CS-MINRES basis vectors in Dy, to the last three CS-MINRES-QLP
basis vectors in Wy:
(6)
%C{ > s
[who wrp—1 wi| = [de—2 dp—1  di] 0;(9,)1 712:31 . (5.2)

Mk Iy ’Y;(:l)

Furthermore, we need to generate the CS-MINRES-QLP point x,(i)s in (4.7) from

the CS-MINRES point z2 | by rearranging (4.8):

2 M 3) (2 2

505 =ty —won?y — w0 e, (5.3)
Then the CS-MINRES-QLP points x,(f_)z and zj, can be computed using (4.7) and (4.8).
It is clear from (5.1) and (5.2) that we still need to do the right transformation
Ry P, = Lj, in the CS-MINRES phase and keep the last 3 x 3 bottom right submatrix
of Ly, for each k so that we are ready to transfer to CS-MINRES-QLP when necessary.
We then obtain a short recurrence for ||z (see Section B.5) and for this computation

we save flops relative to the standalone CS-MINRES algorithm, which computes ||z||
directly in the NRBE condition associated with ||rg| in Table B.1.
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Fi1G. 5.1. Changes of basis vectors within and between the two phases CS-MINRES and CS-
MINRES-QLP; see equations (3.7), (4.6), and (5.2) for details.

Dy

CS-MINRES
phase

CS-MINRES-QLP
phase Wh

In the implementation of CS-MINRES-QLP, the iterates transfer from CS-MINRES
to CS-MINRES-QLP when an estimate of the condition number of T} (see (B.4))
exceeds an input parameter trancond. Thus, trancond > 1/ leads to CS-MINRES
iterates throughout (that is, CS-MINRES standalone), while trancond = 1 generates
CS-MINRES-QLP iterates from the start (that is, CS-MINRES-QLP standalone).

6. Preconditioned CS-MINRES and CS-MINRES-QLP. Well-constructed
two-sided preconditioners can preserve problem symmetry and substantially reduce
the number of iterations for nonsingular problems. For singular compatible problems,
we can still solve the problems faster, but generally obtain only LS solutions that are
not of minimum length—this is not an issue due to algorithms but the way two-sided
preconditioning is set up for singular problems. For incompatible systems (which are
necessarily singular), preconditioning alters the “least squares” norm. To avoid this
difficulty we could work with larger equivalent systems that are compatible (see for
example approaches in [8, Section 7.3]), or we could apply a right-hand-side precondi-
tioner M preferably such that AM is complex symmetric so that our algorithms are
directly applicable. For example, if M is nonsingular (complex) symmetric and AM
is commutative, then AMy ~ b is a complex symmetric problem with y = M~ 'z.
This approach is efficient and straightforward. We devote the rest of this section to
derive a two-sided preconditioning method.

We use a symmetric positive definite or a nonsingular complex symmetric pre-
conditioner M. For such an M, it is known that the Cholesky factorization exists,
ie., M = CC” for some lower triangular matrix C, which is real if M is real, or
complex if M is complex. We may employ commonly used construction techniques of
preconditioners like diagonal preconditioning and incomplete Cholesky factorization
if the nonzero entries of A are accessible. It may seem unnatural to use a symmetric
positive-definite preconditioner for a complex symmetric problem. However, if avail-
able, its application may be less expensive than a complex symmetric preconditioner.

We denote the square root of M as M —2. It is known that a complex symmetric
root always exists for a nonsingular complex symmetric M even though it may not
be unique; see [28, Theorems 7.1, 7.2, and 7.3] or [30, Section 6.4]. Preconditioned
CS-MINRES (or CS-MINRES-QLP) applies itself to the equivalent system AZ = b,
where 4 = M*%AM*%, b = M*%b, and r = M~27. Implicitly, we are solving
an equivalent complex symmetric system C~'AC~Ty = C~'b, where CTz = y. In
practice, we work with M itself (solving the linear system in (6.1)). For analysis, we
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can assume C = M2 for convenience. An effective preconditioner for CS-MINRES or
CS-MINRES-QLP is one such that A has a more clustered eigenspectrum and become
better conditioned, and it is inexpensive to solve linear systems that involve M.

6.1. Preconditioned Lanczos process. Let Vj denote the Lanczos vectors of
the kth Krylov subspace generated by A and the conjugate of b. With vy = 0 and
Bivy = b, for k=1,2,... we define

2k = ﬁkM%Uk, qr, = ﬁkM_%ﬁk, so that My, = 2. (6.1)
Then Sy = ||Brvk| = y/qizk, and the Lanczos iteration is

Pk = A@k = MﬁéAMiéﬁk - Mﬁ%Aqk/ﬂ]ﬁ
ay, = vipk = g Agi/ B,

Sl
Brt1vk+1 = M ™2AM ™20 — agv — Brvg-1.
Multiplying the last equation by M 7 we get

1 _1_ 1 1
Zk+1 = Bk+1M2vk+1 =AM 20 — apM2u — BkM2Uk—1

_r Agqy — Ok 2p — P

Br Br Br—1

The last expression involving consecutive z;’s replaces the three-term recurrence in
v;’s. In addition, we need to solve a linear system Mgy = 25, (6.1) at each iteration.

6.2. Preconditioned CS-MINRES. From (3.8) and (3.7) we have the following
recurrence for the kth column of Dy = Vlezl and Ty:

di = (O = 0 1 — exdi2) (17, Fp = Bt + 7 de

Multiplying the above two equations by M =2 on the left and defining dj, = M —2dy,
we can update the solution of our original problem by

~ 1 ~ 5 L ~
d = (@Qk - 5](<2)dk*1 - Ekdk72) /71(62)7 th=M"2F, = x4 + T}gz)dk.

6.3. Preconditioned CS-MINRES-QLP. A preconditioned CS-MINRES can
be derived very similarly. The additional work is to apply right reflectors Py to Ry,
and the new subproblem bases are Wj, = Vi Py, with &) = Wyiug. Multiplying the

new basis and solution estimate by M ~2 on the left, we obtain

Wk = M*%Wk = M*%VkPk,
1 1 = 2 2) (3 - (2
xp=M"22, = M 2Wiur = Wiug = x,(c_)Q + M,(C_)lwli_)l + ,ukw,(C ).

7. Numerical experiments. In this section we present computational results
based on MATLAB 7.12 implementation of CS-MINRES-QLP and SS-MINRES-QLP,
which are made available to the public as open-source software and accords with the
philosophy of reproducible computational research [13, 6]. The computations were

performed in double precision on a Mac OS X machine with a 2.7GHz Intel Core i7
and 16GB RAM.
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7.1. Complex symmetric problems. Although the SJSU Singular Matrix
Database [17] currently contains only one complex symmetric matrix (named dwg961a)
and only one skew symmetric matrix (plsk1919), it has a sizable set of singular sym-
metric matrices, which can be handled by the associated MATLAB toolbox SJsingu-
lar [16]. We constructed multiple singular complex symmetric systems of the form
H = iA, where A is symmetric and singular. It is clear that all the eigenvalues of
H lie on the imaginary axis. For a compatible system, we simulated b = Hz, where
z; ~ i.4.d. U(0,1), i.e., z; were independent and identically distributed random vari-
ables, whose values were drawn from the standard uniform distribution with support
[0,1]. For a LS problem, we generated a random b with b; ~ i.i.d. U(0,1) and it is
almost always true that b is not in the range of the test matrix. In CS-MINRES-QLP,
we set the parameters maxit = 4n, tol = ¢, and trancond = 10~7 for the stopping
conditions in Table B.1 and the transfer process from CS-MINRES (see Section 5).

We compare the computed results of CS-MINRES-QLP and MATLAB’s QMR to
solutions computed directly by the truncated SVD (TSVD) of H utilizing MATLAB’s
function pinv. For TSVD we have x; = ZUi>tHHHE ﬂ%uiu;‘b, with parameter ¢t > 0.
Often t is set to 1, and sometimes to a moderate number such as 10 or 100; it defines a
cut-off point relative to the largest singular value of H. For example, if most singular
values are of order 1 and the rest are of order ||H|le ~ 107!¢, we expect TSVD to
work better when the small singular values are excluded, while SVD (with ¢ = 0)
could return an exploding solution.

In Figure 7.1 we present the results of 50 consistent problems of the form Hz = b;
it plots the relative error norm of approximate solutions computed by CS-MINRES-
QLP and QMR with respect to TSVD solutions against a scalar multiple of k(H) =
k(A)—it is known that an upper bound of the perturbation error of a singular linear
system involves the condition of the corresponding matrix [45, Theorem 5.1]. The
diagonal dotted red line represents the best results we could expect from any numerical
method with double precision. We can see that both CS-MINRES-QLP and QMR did
very well on all problems except for one in each case. CS-MINRES-QLP performed
slightly better as a few additional problems in QMR attained relative errors of less
than 107°.

Our second test set involve complex symmetric matrices that have more wide-
spread eigenspectrum than those in the first test set. Let A = VAV T be an eigenvalue
decomposition of symmetric A with |A;| > -+ > |A,|. For ¢ = 1,...,n, we define
d; = (2u; — 1)|A1|, where w; ~ d.4.d. U(0,1) if A\; # 0, or d; = 0 otherwise. Then
the complex symmetric matrix M = VDVT + iA has the same (numerical) rank
as A and its eigenspectrum is bounded by a ball of radius approximately equal to
|A1] on the complex plane. In Figure 7.2 we summarize the results of solving 50
such complex symmetric linear systems. It is clear that CS-MINRES-QLP behaved as
stably as it did with the first test set. However, QMR is obviously more sensitive to the
nonlinear spectrum: two problems did not converge and about ten additional problems
converged to their corresponding ' with no more than four digits of accuracy.

Our third test set consists of linear LS problems (1.1), in which A = H in the
upper plot of Figure 7.3 and A = M in the lower plot. In the case of H, CS-MINRES-
QLP did not converge for two instances but agreed with the TSVD solutions in five or
more digits of accuracy for almost all other instances. In the case of M, CS-MINRES-
QLP did not converge for five instances but agreed with the TSVD solutions in about
five or more digits of accuracy for almost all other instances. Thus the algorithm is to
some extent more sensitive to a nonlinear eigenspectrum in LS problems—this is also
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CS-MINRES-QLP

b .

2+ max (10e, 7))

[l& = 2|/l

Fic. 7.1. 50 consistent singular complexr symmetric systems. This figure is reproducible by
C13Fig7-1.m.

expected by the perturbation result that an upper bound of the relative error norm
in a LS problem involves the square of k(A) [45, Theorem 5.2]. We did not run QMR
on these test cases since the algorithm was not designed for LS problems.

7.2. Skew symmetric problems. Our fourth test collection consists of 50 skew
symmetric linear systems and 50 singular skew symmetric LS problems (1.1). The
matrices are constructed by S = tril(A) — tril(A)%, where tril extracts the lower
triangular part of a matrix. In both cases—linear systems in the upper subplot of
Figure 7.4 and LS problems in the lower subplot—SS-MINRES-QLP did not converge
for six instances but agreed with the TSVD solutions for more than ten digits of
accuracy for almost all other instances.

7.3. Skew Hermitian problems. We also have created a test collection that
is consituted of 50 skew Hermitian linear systems and 50 skew Hermitian LS prob-
lems (1.1). Each of the skew Hermitian matrix is constructed by T'= S + iB, where
S is skew symmetric as defined in the last test set, and B = A — diag([a11,- - ., @nn)),
i.e., B is A with the diagonal elements set to zero and is thus symmetric. We solve
the problems using the original MINRES-QLP for Hermitian problems by the trans-
formation (¢T")x = ib. In the case of linear systems in the upper subplot of Figure 7.5,
SH-MINRES-QLP did not converge for six and five instances respectively. For the
other instances SH-MINRES-QLP computed approximate solutions that matched the
TSVD solutions for more than ten digits of accuracy for almost all other instances.
As for LS problems in the lower subplot of Figure 7.5, only five instances did not
converge.



16 S.-C. T. CHOI
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Fic. 7.4. 100 singular skew symmetric systems. Upper: 50 compatible linear systems. Lower:
50 LS problems. This figure is reproducible by C13Fig7-4.m.

8. Conclusions. CS-MINRES constructs its kth solution estimate from the short
recursion x = Dyt = xp_1+7di (3.8), where n separate triangular systems RfDT =
V© are solved to obtain the n elements of each direction di,...,d;. (Only dj is
obtained during iteration k, but it has n elements.) In contrast, CS-MINRES-QLP
constructs zy using orthogonal steps: xp = Wiur = x,(i)z + w,(i)lu,(zl + w,(f)uk; see
(4.7)—(4.8). Only one triangular system Ljuy, =t (4.4) is involved for each k. Thus
CS-MINRES-QLP is numerically more stable than CS-MINRES. In the mega form, the
additional work and storage are moderate, and efficiency is retained by transferring
from CS-MINRES to CS-MINRES-QLP only when the estimated condition number of
A exceeds an input parameter value.

TSVD is known to use rank-k approximations to A to find approximate solutions
to min ||Az — b|| that serve as a form of regularization. It is fair to conclude from the
results that like other Krylov methods CS-MINRES have built-in regularization fea-
tures [26, 25, 35]. Since CS-MINRES-QLP monitors more carefully and constructively
the rank of T}, which could be k or k—1, we may say that regularization is a stronger
feature in CS-MINRES-QLP, as we have shown in our numerical examples.

Like CS-MINRES and CS-MINRES-QLP, SS-MINRES and SS-MINRES-QLP are
readily applicable to skew symmetric linear systems. We summarize and compare
these methods in Appendix C.

8.1. Software and reproducible research. MATLAB 7.12 and Fortran 90/95
implementations of MINRES and MINRES-QLP for symmetric, Hermitian, skew sym-
metric, skew Hermitian, and complex symmetric linear systems with short-recurrence
solution and norm estimates as well as efficient stopping conditions are available from
the MINRES-QLP project website [10].

Following the philosophy of reproducible computational research as advocated
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R

FiG. 7.5. 100 singular skew Hermitian systems. Upper:
50 LS problems. This figure is reproducible by C13Fig7.-5.m.
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50 compatible linear systems. Lower:

in [13, 6], for each figure and example in this paper we mention either the source or
the specific MATLAB command. Our MATLAB scripts are available at [10].
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Appendix A. Pseudocode of algorithms.

Algorithm 1: CS-Lanczos.

input: A,b, o, maxit

Pk < Pk — QgUk
Vg1 = Pk — BrVk-1
| Bit+1 = [[ve+ |l
output: Vp, Ty

1 vo =0, v1 = b, BlZHbH, k=20

2 while k£ < maxit do

3 if Bk41 > 0 then viy1 < vit+1/Pr+1 else STOP
4 k+—k+1

5 pr = AU, — oug

6 ap = vak

7

8

9

Algorithm 2: SS-Lanczos.

input: A, b, maxit
’U()ZO, v1:b, ﬂ():O, ﬁlzﬂbu, k=0
while k& < maxit do
if Bk41 > 0 then viy1 < vit+1/Pr+1 else STOP
k<—k+1
pr = Avk — v
Vk41 = Pk — BrVk—1
Br+1 = ||lve+1l
output: V,, T,

N O Gk W N =

Algorithm 3: SH-Lanczos.

input: A, b, maxit

Pk < Pk — QgUk
Vk+1 = Pk — BrVk—1
L Brt1 = [lvwsal]
output: V,, T,

1 vo =0, v; = b, ﬁ1=”b”, k=0

2 while k£ < maxit do

3 if Bk4+1 > 0 then viy1 < vkt1/Pr+1 else STOP
4 k< k+1

5 Pk = iAUk — U

6 R = VEpk

7

8

9

Appendix B. Stopping conditions and norm estimates.

This section derives several short-recurrence norm estimates in CS-MINRES and
SH-MINRES. As before, we assume exact arithmetic throughout, so that Vi and Q;, are
orthonormal. Table B.1 summarizes how these norm estimates are used to formulate
six groups of concerted stopping conditions. The second NRBE test is specifically
designed for LS problems, which have the properties r # 0 but A*r = 0; it is inspired
by Stewart [47] and stops the algorithm when ||A*ry|| is small relative to its upper
bound [|Alf[|r |-
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Algorithm 4: Algorithm SymOrtho.

input: a,b
1 if || =0 then c =1, s=0, r=a
2 else if |a| = 0 then
3 LC:O, s=1, r==b

4 else if [b| > |a| then o

5 LT:M/V"» c=1/vV1+712 s =cr(b/a), ¢+ cr, r=b/3
6 else if |a| > |b| then o

7 LT:‘H/‘@\» c=1/V1+472, s=c(b/a), r=ajc

output: c,s,r

B.1. Residual and residual norm. First we derive recurrence relations for r,
and its norm ||7x|| = |¢g|- The results are true for CS-MINRES and CS-MINRES-QLP.

LEMMA B.1. Without loss of generality, let xg = 0. The following results follow.
1. To = b and ||’I“QH = (bo = 51.
2. Fork=1,...,0—1, then |re| = |¢x| = |dr-1]|sk| > |¢r—1] > 0. Thus |7l
is monotonically decreasing.
3. At the last iteration ¢,
(a) If rank(Lg) = ¢, then ||r¢|| = ¢¢ = 0.

(b) If rank(L,;) = £—1, then ||rel]| = |¢e—1] > 0.

Proof.

1. Obvious.
2. If k < £, From (3.1)—(3.8) with Ryyj = tx we have

Tk = Vk+1QZ([;];] - ﬁﬂ yk> = Ok Vit1Qper+1- (B.1)

We have ||rg|| = |ok| = |Pr—1]|sk| > 0; see (3.4)—(3.6).
3. If T, is nonsingular, r, = 0. Otherwise Q¢—1 ¢ has made the last row of R,
zero, so the last row and column of Ly are zero; see (4.10). Thus ry, = ry—1 # 0.

B.2. Norm of A*r,. For incompatible systems, r; will never be zero. However,
all LS solutions satisfy A* Az = A*b, so that A*r = 0. We therefore need a stopping
condition based on the size of |A*rg|| = ¥,. We present efficient recurrence relations
for ||A*r4|| in the following Lemma. We also show that A*ry, is orthogonal to Ky, (A, b).

LEMMA B.2 (A*ry and ¢y, = ||A*rg|| for CS-MINRES).
1. If k < £, then rank(Ly,) = k, Ary = 7% | (Fhs1TUk+1 + Okt2Ukt2) and oy, =
7wl [vk+1 k2]l where 610 =0 if k= £—1.
2. At the last iteration ¢,
(a) If rank(Ly) = ¢, then Arp =0 and by = 0.
(b) If rank(Ly) = £—1, then Ary = Ary_1 =0, and ¥y = y_1 = 0.
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Algorithm 5: Preconditioned CS-MINRES-QLP to solve (A — ol)x ~ b.

TR W N =

[}

10
11

12
13
14

15
16
17
18
19
20
21

22
23

24
25
26
27
28
29
30
31
32
33
34
35
36

37

38

input: A,b,0, M

20 = 0, 21 =0, Solve Mq1 = z1, B1 = /bTqs [Initialize]
wo:w_lz(), 1’_2233_1:.%‘0:0

co,1=co2=cCo3=—1, 501=802=503=0, ¢o=p01, To=wo=X-2=X-1=X0=0
61:771:70:1771:770:771:1971:190:191211,71:#0:07 _,4:07 k=1
k=0

while no stopping condition is satisfied do

k+—k+1

pr = Aqr — oqk, g = B—lzq,zpk [Preconditioned Lanczos]

1. ok, _ Bk
Fk+1 = B P Bk Zk By k=1

Solve Mqr+1 = 2k+1, Br1 = \/ G2k

if k=1 then py = [[lax Br+1]l else pr = [[Bx ar Bra]l

5,&2) = Ck—1,10k + Sk—1,10k [Previous left reflection...]
Ve = Sk—1,10k — Ck—1,10% [on middle two entries of Tye...]
€k+1 = Sk—1,18k+1 [produces first two entries in hek+1]
Op+1 = *Ck 1,18k+1
ckl,skh’yk ) SymOrtho(vk, Bk+1) [Current left reflection]
c;cg,s;gg,’yl(cf2 — SymOrtho(’y,is)2,ek) [First right reflection]
5;23) = sp2Ur—1 — Ck25(2) 7,23) = —Ckw,(f), M = Skw;i )
| = cralho1 + K20y

Ck3,8k3,’}/}(€ 1 - SymOrtho(y,(f)l,dw)) [Second right reflection...]
Y = Skg"y( ) 7,(@4) Ck3"y( ) [to zero out 5,&3)]

,i ) = Cr1Tk [Last element of tx]

Ok = Pr—1lsk1|, WYr—1=dr—1|l[vr Or+1]]l [Update ||7&ll, ||Ark—1]|]
if £k =1 then vmin = 71 else Ymin + min {'Ymina%(:i)w%(;)u |7(4)|}

A®) = max {A(k’-”,pk Yoo ey |} [Update || Al]]
we = [lwer 7N, ke AP i [Update [[Ax|, (A)]

(3 )

wi = —(cr2/Br)qk + Ska2wy” [Update wg—2, wr—1, W]

wi?y = (sk2/Br)a k+ck2w;<€,>2

if £ > 2 then w,(C ) = Skgw(2) — Ckg’l.Uk; (3> = Ck3w(2,>1 + Sk3Wgk
if £k > 2 then u,(c3>2 = (T,iz)2 — Nr— guk 14— Ur—2 ,u,(f)3)/fy(6) [Update fix—2]
if £ > 1 then u( ) (7’,5 )1 — Mi— 1u§€3)3 - 19(2) ,ul(j)Q)/'y(s) [Update p—1]

if 7(4) # 0 then pp = (7, 2) nkuf)Q — ﬁk,u(Q) )/7(4) else uy = 0 [Compute pix]

x;f)Q = wl(cQ)S + M§C3)2wl(€3)2 [Update Tr—2]

2 2 3 2
i =2 1 2l +

[Compute x]
2 2 3
x,i D =y w2l [Update [—o||]

=12 w2, il [Compute |21

r=ar, ¢=0¢k, C=0dkll[verr k2, x=xr A=AP, w=w
output: z,¢,v,x, A, k,w

[c, s < SymOrtho(a, b) is a stable form for computing r = Va2 + 0%, c =2, s = Ly
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TABLE B.1
Stopping conditions in CS-MINRES and SH-MINRES. NRBE means normwise relative back-
ward error, and tol, mazit, mazxcond and mazznorm are input parameters. All norms and k(A) are
estimated by CS-MINRES and SH-MINRES.

Lanczos NRBE Regularization attempts

Brar < nllAle | Irell/ (1ALl + [15]) < max(tol,¢) | #(4) > max(mazcond, 1)

k = mazit | Are|l/ (JAlllIrk ) < max(tol,€) lzk| > mazznorm

CS-MINRES Degenerate cases Erroneous input

’%24)‘ <e fpr=0 = zt=0 y*(Az) # +2*(Ay)
Ba=0 = af=b/oy = A#£+AT

Proof. Case 2 follows directly from Lemma B.1. We prove the first case here. For
k < £, Ry, is nonsingular. From (3.1)—(3.8) with Ryyx = t; we have

Ary, = ¢pVir2Ter1Qrker+1, by (B.1)

T Br+1ex 0

QrTit1" = Qk[Thr1  Brtoeri1] = Qu
— [ ] Breiief  rp1 Brya)’

1 QTisr” = [0 M1 Orpa),

by (3.5). We take dp40 =0if k=¢—1, so

Ar = 11 V2[00 Yesr Orra] = ot (TogaDhr + Okg2Trg)
Vi = [Aral® = Irill? (yera]® + [Brs2]?) -

Result follows. O

Typically || Ary|| is not monotonic, while clearly ||ry || is monotonically decreasing.
In the singular system A = UXU7Y, let U = [U1 UQ}, where the singular vectors
U; correspond to nonzero singular values. Then P4 = U;U7 and Pj{ = UyU; are
orthogonal projectors [51] onto the range and nullspace of A. For general linear LS
problems, Chang et al. [5] characterize the dynamics of ||ry|| and |[|A*r|| in three
phases defined in terms of the ratios among |7 ||, ||[Park|| and ||[P4 7|, and propose
two new stopping criteria for iterative solvers. The expositions in [1, 34] show that
these estimates are cheaply computable in CGLS and LSQR [39, 40]. These results
are likely applicable to CS-MINRES.

B.3. Matrix norms. From the Lanczos process, ||All > Vi AVi|| = || Tkl
Define

AO =0, A® = max {||Tjej||} = max {A(k_l), ||Tkek||} for k>1. (B.2)
j=1,k U2 —
Then ||A| > [|Tx]| > A®. Clearly, A% is monotonically increasing and is thus an

improving estimate for ||A| as k increases. By the property of QLP decomposition
in (2.7) and (4.3), we could easily extend (B.2) to include the largest diagonal of Ly:

A® =0, A® = max{A*V || Tier|, 'y,(f_)Q, 7,(65_)1, |7,(€4)|} for k> 1, (B.3)

which uses quantities readily available from CS-MINRES and gives satisfactory, if not
extremely accurate, estimates for the order of || A||.
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B.4. Matrix condition numbers. We again apply the property of the QLP
decomposition in (2.7) and (4.3) to estimate x(T}), which is a lower bound for x(A):

Ymin min{%,’}’éz)h Ymin min{’ymina’y](:i)m ’Yk 19 h/k ‘} for k > 3
0 k k—1 A(k)
k0 =1, /@()max{n(),} for k > 1. (B.4)
Ymin

B.5. Solution norms. For CS-MINRES-QLP, we derive a recurrence relation for
||xk]| whose cost is as low as computing the norm of a 3- or 4- vector. This recurrence
relation is not applicable to CS-MINRES standalone.

Since ||| = ||VkPrug|| = |Jul|, we can estimate ||z || by computing x = ||ug||-
However, the last two elements of uy change in ugy; (and a new element pgyq is
added). We therefore maintain yx—_2 by updating it and then using it according to

2 2 3
o = 125 1 xe =1y w2y melll cf. (4.7) and (4.8).

Thus Xl(i)z increases monotonically but we cannot guarantee that ||z || and its recurred
estimate yj are increasing, and indeed they are not in some examples. But the trend

for i is generally increasing, and X( ) s theoretically a better estimate than xx

for ||zg||. In LS problems, when 'y,g ) is small enough in magnitude, it also means

lzkll = llykll = lJukll is large—and when this quantity is larger than mazznorm, it

usually means that we should do only a partial update of z; = ac](C )2 + w,(C )1u,(€2)1,

which if still exceeds mazznorm in length, then we shall do no update, i.e., xx = :v,(c )2

B.6. Projection norms. In applications requiring nullvectors [7], Az, is useful.
Other times, the projection of the right-hand side b onto I (A4, b) is required [42]. For
the recurrence relations of Ax; and its norm, we have

— « R Lt
Az = AViyr = Vi1 Teyr = Vi1 Qy, { Ok] Ye = Vir1Qx { k:|7
2 2
W = || Azg|? = [t)? = [troal? + (1) = wi_y + (1) = [[[wn 72 |12

Thus {wy} is monotonic.

Appendix C. Comparison of Lanczos-based solvers.

We compare our new solvers with CG, SYMMLQ, MINRES, and MINRES-QLP in
Tables C.1-C.2 in terms of subproblem definitions, basis, solution estimates, flops,
and memory. A careful implementation of SYMMLQ computes xj in range(Vii1);
see [7, Section 2.2.2] for a proof. All solvers need storage for vy, vgi1, Zk, and a
product pr = Av, or Avy each iteration. Some additional work-vectors are needed
for each method (e.g., dx—1 and dj, for MINRES or CS-MINRES, giving 7 work-vectors
in total). It is noteworthy that even for Hermitian and skew Hermitian problems
Ax = b, the subproblems of CG, SYMMLQ, MINRES, and MINRES-QLP are real.
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TaBLE C.1
Subproblems defining xy, for CG, SYMMLQ, MINRES, MINRES-QLP, CS-MINRES, CS-
MINRES-QLP, SH-MINRES, and SH-MINRES-QLP.

Method Subproblem Factorization Estimate of x
cglanczos Tryr = bre1 Cholesky: zr = Viyr
[27, 38, 44] Ty, = Ly Dy LT € range(Vj)
SYMMLQ Yk4+1 = arg minyeRk+1 ||yH LQ: Tr = Vit1Yk+1
[38, 7] s.t. zgy = i1 T,'QF = [Ly, 0] € range(Vi4+1)
MINRES yr = arg min || Tpy — Brer]| | QR: i = Vil
yERF Ry
[38],[7]-[11] Qi1 = [ 0 ] € range(Vy)
MINRES-QLP yr = argmingcpe ||yl QLP: zr = Viyk
Ly,
[7]-[11] s.t. y € argmin | Ty — Bier]|| QuTiPr = { 0 ] € range(Vy)
CS-MINRES yr = arg min ||Tyy — Breq]] QR: T = Vilk
yeCk — Ry
Qi1 = { 0 ] € range(Vy)
CS-MINRES-QLP | yx = argmingccx [|y| QLP: x = Viyk
Ly,
s.t. y € argmin | Ty — Bier]|| QuTiPr = { 0 ] € range(Vy)
SH-MINRES yr = arg min [Ty — frer| | QR: zp = Viyk
yERF T Ry,
QT = 1| o € range(Vy)
SH-MINRES-QLP | y, = argmin,cge ||y QLP: Ty = Viyk
Ly,
s.t. y € argmin | Ty — Brer]|| QuTiPr = { 0 ] € range(Vy)
TABLE C.2
Bases, subproblem solutions, storage, and work for each method.
Method New basis Zky the, Uk x) estimate |vecs flops
cglanczos W, = VkL,;T LDz, = Breq v =Wizk 5 8n
I
SYMMLQ Wi = V/H_le |:(;€] Lizi=p1e1 T =Wizs 6 9In
MINRES Dk = Vlezl tkiﬂl [Ik 0] lel :Ck:Dktk 7 In
MINRES-QLP Wy = Vi Py Liup =01 [Ik O] Qrer| vr=Wyuy 8 14n
CS-MINRES Dk = VkR;I tk:ﬁl [Ik 0] lel (Ek:Dktk 7 In
SH-MINRES
CS—MINRES—QLP Wk = Vkpk Lkuk :51 [Ik 0] lel Tk :Wkuk 8 14n
SH-MINRES-QLP




21]
22]

(23]

24]
[25]
[26]

27]

Complex and Skew Symmetric Minimal Residual Methods 25

REFERENCES

M. Arioli and S. Gratton. Least-squares problems, normal equations, and stopping criteria for
the conjugate gradient method. Technical Report RAL-TR-2008-008, Rutherford Appleton
Laboratory, Oxfordshire, UK, 2008.

A. Bunse-Gerstner and R. Stéver. On a conjugate gradient-type method for solving complex
symmetric linear systems. Linear Algebra Appl., 287(1-3):105-123, 1999. Special issue
celebrating the 60th birthday of Ludwig Elsner.

R. H. Chan and X.-Q. Jin. Circulant and skew-circulant preconditioners for skew-Hermitian
type Toeplitz systems. BIT, 31(4):632-646, 1991.

R. H.-F. Chan and X.-Q. Jin. An Introduction to Iterative Toeplitz Solvers. Society for Indus-
trial and Applied Mathematics, 2007.

X.-W. Chang, C. C. Paige, and D. Titley-Péloquin. Stopping criteria for the iterative solution
of linear least squares problems. SIAM J. Matriz Anal. Appl., 31(2):831-852, 2009.

S.-C. Choi, D. L. Donoho, A. G. Flesia, X. Huo, O. Levi, and D. Shi. About Beamlab—a toolbox
for new multiscale methodologies. http://wwu-stat.stanford.edu/~beamlab/, 2002.
S.-C. T. Choi. Iterative Methods for Singular Linear Equations and Least-Squares Problems.

PhD thesis, ICME, Stanford University, 2006.

S.-C. T. Choi, C. C. Paige, and M. A. Saunders. MINRES-QLP: A Krylov subspace method for
indefinite or singular symmetric systems. SIAM J. Sci. Comput., 33(4):1810-1836, 2011.

S.-C. T. Choi and M. A. Saunders. ALGORITHM xxx: MINRES-QLP for singular symmetric
and Hermitian linear equations and least-squares problems. ACM Trans. Math. Software.
accepted Jan 2012.

S.-C. T. Choi and M. A. Saunders. MINRES-QLP MATLAB package. http://code.google.
com/p/minres-qlp/, 2011.

S.-C. T. Choi and M. A. Saunders. ALGORITHM & DOCUMENTATION: MINRES-QLP for
singular symmetric and Hermitian linear equations and least-squares problems. Technical
Report ANL/MCS-P3027-0812, Computation Institute, University of Chicago, IL, 2012.

S.-C. T. Choi and M. A. Saunders. MINRES-QLP FORTRAN 90 package. http://code.
google.com/p/minres-qlp/, 2012.

J. Claerbout. Hypertext documents about reproducible research. http://sepwww.stanford.
edu/doku.php?id=sep:research:reproducible.

I. S. Duff. MA57—a code for the solution of sparse symmetric definite and indefinite systems.
ACM Trans. Math. Software, 30(2):118-144, 2004.

R. Fletcher. Conjugate gradient methods for indefinite systems. In Numerical Analysis (Proc
6th Biennial Dundee Conf., Univ. Dundee, Dundee, 1975), pages 73-89. Lecture Notes in
Math., Vol. 506. Springer, Berlin, 1976.

L. Foster. SJsingular—MATLAB toolbox for managing the SJSU singular matrix collection.
http://www.math.sjsu.edu/singular/matrices/SJsingular.html, 2008.

L. Foster. San Jose State University singular matrix database. http://www.math.sjsu.edu/
singular/matrices/, 2009.

R. W. Freund. Conjugate gradient-type methods for linear systems with complex symmetric
coefficient matrices. SIAM J. Sci. Statist. Comput., 13(1):425-448, 1992.

R. W. Freund and N. M. Nachtigal. QMR: a quasi-minimal residual method for non-Hermitian
linear systems. Numer. Math., 60(3):315-339, 1991.

D. F. Gleich and L.-H. Lim. Rank aggregation via nuclear norm minimization. In Proceedings
of the 17th ACM SIGKDD International Conference on Knowledge Discovery and Data
Mining, KDD ’11, pages 60—68, New York, NY, USA, 2011. ACM.

G. H. Golub and C. F. Van Loan. Matriz Computations. Johns Hopkins University Press,
Baltimore, MD, 3rd edition, 1996.

C. Greif and J. Varah. Iterative solution of skew-symmetric linear systems. SIAM Journal on
Matriz Analysis and Applications, 31(2):584-601, 2009.

C. Guo and S. Qiao. A stable Lanczos tridiagonalization of complex symmetric matrices. Techni-
cal Report CAS 03-08-SQ, Department of Computing and Software, McMaster University,
Ontario, Canada, 2003.

J. Hadamard. Sur les problémes aux dérivées partielles et leur signification physique. Princeton
University Bulletin, X111(4):49-52, 1902.

M. Hanke and J. G. Nagy. Restoration of atmospherically blurred images by symmetric indef-
inite conjugate gradient techniques. Inverse Problems, 12(2):157-173, 1996.

P. C. Hansen and D. P. O’Leary. The use of the L-curve in the regularization of discrete ill-posed
problems. SIAM J. Sci. Comput., 14(6):1487-1503, 1993.

M. R. Hestenes and E. Stiefel. Methods of conjugate gradients for solving linear systems. J.


http://www-stat.stanford.edu/~beamlab/
http://code.google.com/p/minres-qlp/
http://code.google.com/p/minres-qlp/
http://code.google.com/p/minres-qlp/
http://code.google.com/p/minres-qlp/
http://sepwww.stanford.edu/doku.php?id=sep:research:reproducible
http://sepwww.stanford.edu/doku.php?id=sep:research:reproducible
http://www.math.sjsu.edu/singular/matrices/SJsingular.html
http://www.math.sjsu.edu/singular/matrices/
http://www.math.sjsu.edu/singular/matrices/

26 S.-C. T. CHOI

Research Nat. Bur. Standards, 49:409-436, 1952.
(28] N. J. Higham. Functions of matrices. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 2008. Theory and computation.
R. A. Horn and C. R. Johnson. Matriz analysis. Cambridge University Press, Cambridge, 1990.
Corrected reprint of the 1985 original.
[30] R. A. Horn and C. R. Johnson. Topics in matriz analysis. Cambridge University Press,
Cambridge, 1991.
D. A. Huckaby and T. F. Chan. On the convergence of Stewart’s QLP algorithm for approxi-
mating the SVD. Numer. Algorithms, 32(2-4):287-316, 2003.
. Incertis. A skew-symmetric formulation of the algebraic riccati equation problem. Automatic
Control, IEEE Transactions on, 29(5):467-470, 1984.
[33] X. Jiang, L.-H. Lim, Y. Yao, and Y. Ye. Statistical ranking and combinatorial Hodge theory.
Math. Program., 127(1, Ser. B):203—244, 2011.
[34] P. Jirdnek and D. Titley-Péloquin. Estimating the backward error in LSQR. SIAM J. Matriz
Anal. Appl., 31(4):2055-2074, 2010.

)
N
!

[35] M. Kilmer and G. W. Stewart. Iterative regularization and MINRES. SIAM J. Matriz Anal.
Appl., 21(2):613-628, 1999.

[36] C. Lanczos. Applied analysis. Englewood Cliffs, N.J., Prentice Hall, 1956.

[37] C. C. Paige. Error analysis of the Lanczos algorithm for tridiagonalizing a symmetric matrix.

M
C
C
J. Inst. Math. Appl., 18(3):341-349, 1976.
C. C. Paige and M. A. Saunders. Solution of sparse indefinite systems of linear equations.
SIAM J. Numer. Anal., 12(4):617-629, 1975.
[39] C. C. Paige and M. A. Saunders. LSQR: an algorithm for sparse linear equations and sparse
least squares. ACM Trans. Math. Software, 8(1):43-71, 1982.
C. C. Paige and M. A. Saunders. Algorithm 583; LSQR: Sparse linear equations and least-
squares problems. ACM Trans. Math. Software, 8(2):195-209, 1982.
Y. Saad and M. H. Schultz. GMRES: a generalized minimal residual algorithm for solving
nonsymmetric linear systems. SIAM J. Sci. Statist. Comput., 7(3):856-869, 1986.
M. A. Saunders. Computing projections with LSQR. BIT, 37(1):96-104, 1997.

M. A. Saunders, H. D. Simon, and E. L. Yip. Two conjugate-gradient-type methods for un-
symmetric linear equations. SIAM Journal on Numerical Analysis, 25(4):927-940, 1988.
[44] Systems Optimization Laboratory (SOL), Stanford University, downloadable software. http:

//www.stanford.edu/group/SOL/software.html.
G. Stewart and J.-G. Sun. Matrixz perturbation theory. Computer science and scientific com-
puting. Academic Press, 1990.
G. W. Stewart. On the continuity of the generalized inverse. SIAM J. Appl. Math., 17:33-45,
1969.
[47] G. W. Stewart. Research, development and LINPACK. In J. R. Rice, editor, Mathematical
Software III, pages 1-14. Academic Press, New York, 1977.
G. W. Stewart. Updating a rank-revealing ULV decomposition. SIAM J. Matriz Anal. Appl.,
14(2):494-499, 1993.
G. W. Stewart. The QLP approximation to the singular value decomposition. SIAM J. Sci.
Comput., 20(4):1336-1348, 1999.
D. B. Szyld and O. B. Widlund. Variational analysis of some conjugate gradient methods.
East-West J. Numer. Math., 1(1):51-74, 1993.

[51] L. N. Trefethen and D. Bau, III. Numerical Linear Algebra. SIAM, Philadelphia, PA, 1997.

[652] H. A. Van der Vorst. Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for the
solution of nonsymmetric linear systems. SIAM J. Sci. Statist. Comput., 13(2):631-644,
1992.

(53] O. Widlund. A lanczos method for a class of nonsymmetric systems of linear equations. SIAM

Journal on Numerical Analysis, 15(4):801-812, 1978.

The submitted manuscript has been created by the University of Chicago as Operator of
Argonne National Laboratory (“Argonne”) under Contract DE-AC02-06CH11357 with the
U.S. Department of Energy. The U.S. Government retains for itself, and others acting on its
behalf, a paid-up, nonexclusive, irrevocable worldwide license in said article to reproduce,
prepare derivative works, distribute copies to the public, and perform publicly and display
publicly, by or on behalf of the Government.


http://www.stanford.edu/group/SOL/software.html
http://www.stanford.edu/group/SOL/software.html

